One important way in which sampling for approximate query processing in a database environment differs from traditional applications of sampling is that in a database, it is feasible to collect accurate summary statistics from the data in addition to the sample. This paper describes a set of sampling-based estimators for approximate query processing that make use of simple summary statistics to to greatly increase the accuracy of sampling-based estimators. Our estimators are able to give tight probabilistic guarantees on estimation accuracy. They are suitable for low or high dimensional data, and work with categorical or numerical attributes. Furthermore, the information used by our estimators can easily be gathered in a single pass, making them suitable for use in a streaming environment.
INTRODUCTION
Interactive-speed evaluation of ad-hoc, OLAP-style queries is quite often an impossible task over the largest databases. Even using modern query processing techniques in conjunction with the latest hardware, OLAP-style queries can still require hours or days to complete execution. A quick perusal of the latest TPC-H benchmark supports this assertion [25] .
One obvious way to address this problem is to rely on approximation. If an approximate answer can be given at sub-second, interactive speeds, it may encourage the use of large databases for ah-hoc data exploration and analysis. One of the most often-cited possibilities for supporting approximation in a database environment is to rely on random sampling [12, 11, 1, 2, 5, 6, 9, 13, 18, 21, 20, 17] . Unlike other estimation methods such as wavelets [26, 7, 8] and histograms [10] , sampling has the advantage that most estimates over samples are unaffected by data dimensionality, and sampling is equally applicable to categorical and numerical data. Another primary advantage of random sampling is that sampling techniques are well-understood and sampling as a field of scientific study is very mature. Fundamental results from statistics can be used as a guide when applying sampling to data management tasks [24, 19, 23, 22] .
However, there is one important way in which sampling in a database environment differs from sampling as it has been studied in statistics and related fields. Specifically, most work from statistics makes the assumption that it is impossible to gather accurate summary statistics from the population that is to be sampled from. After all, in traditional applications like sociology and biology, sampling is used when it is impossible to directly study the entire population.
In a database, this assumption is far too restrictive. There is no reason that accurate and extensive summary statistics over the underlying data set cannot be maintained. In databases, unlike in traditional statistical inference, the entire data set is available and can be pre-processed or processed in an online fashion as it is loaded. The reason that approximation may be required in a database environment is that there are too many possible queries to pre-compute the answer to every one, and it may be too expensive to evaluate every single query to get an exact answer. This does not imply that it is impractical to maintain a very comprehensive set of summary statistics over the data.
A recent paper [13] proposed a new technique called Approximate Pre-Aggregation (APA) that makes use of such summary statistics to greatly increase the accuracy of samplingbased-estimation in a database environment. APA is useful for providing extremely accurate answers to aggregate queries (SUM, COUNT, AVG) over high-dimensional database tables, with a complex relational selection predicate attached to the aggregate query. For example, imagine we have a database table COMPLAINTS (PROF, SEMESTER, NUM_COMPLAINTS) and the SQL query:
SELECT SUM (NUM_COMPLAINTS) FROM COMPLAINTS WHERE PROF = 'Smith' AND SEMESTER = 'Fa03';
This query asks: "How many complaints did Prof. Smith receive in the Fall 2003 semester?" APA was shown experimentally to produce estimates for the answer to this type of query that have only a small fraction of the error associated with other techniques such as stratified random sampling and wavelets, especially over categorical data. However, there is one glaring weakness with APA: it is difficult or impossible to formally reason about the accuracy of the approach. In particular, while APA was shown experimentally to produce excellent results, there is no obvious way to associate statistically meaningful confidence bounds with the estimates produced by APA. A confidence bound is an assertion of the form, "With a probability of .95, Prof. Smith received 27 to 29 complaints in the Fall of 2003." The lack of confidence bounds poses a severe limitation on the applicability of APA to real-life estimation problems. This Paper's Contributions: In this paper, we propose a new method for combining summary statistics with sampling to improve estimation accuracy, called APA+. APA+ is in many ways simpler than APA, and yet it has the overwhelming advantage of giving statistically meaningful confidence bounds on its estimates. As we will show experimen-S Prof.
Sem.
Cmpl tally in this paper, APA+ produces confidence bounds that are tighter and more accurate than those that are produced using more traditional, sampling-based estimators. Furthermore, computing an APA+ estimate is computationally very efficient, which renders APA+ an excellent candidate for use in applications like online aggregation [12] , where an estimate must be re-computed every second or so in order to inform a user as to the current accuracy of the estimate. Given the accuracy and wide applicability of the techniques presented in the paper, we assert that APA+ should be used in place of traditional, sampling-based estimation in any environment where it is possible to augment a sample with simple summary statistics over a database. Paper Organization: Section 2 of the paper gives an overview of APA and our new method, APA+. The simplest version of APA+ is formally described in Section 3. Section 4 generalizes APA+ to work with more complicated and comprehensive summary statistics, and Section 5 discusses the issue of correlation in the individual estimates that make up the final APA+ estimator. Section 6 presents our experimental evaluation. Finally, the paper is concluded in Section 7.
OVERVIEW OF APA AND APA+
In this Section, we will describe both APA and APA+ at a high level in the context of the example database table depicted in Table 1 [13] .
This table models the situation where a number of students take a course each semester, and the number of student grading complaints is recorded.
Approximate Pre-Aggregation (APA)
In our example, we are interested in answering a query of the form:
Imagine that we decided to answer this query using a 50% sample of the database, where the sampled tuples are indicated by a check mark in Table 1 . Estimating the answer to the query using the sample is very straightforward. The number of complaints in the sample is 36, and since the sample constitutes 50% of the database tuples, we can estimate that Professor Smith received 72 complaints.
However, as we see from Table 1 , the actual number of students who came to see Professor Smith was 121 (yielding 40.5% relative error). The problem is the variance in the number of students who complained to Professor Smith each semester. This ranges from a low of 7 to a high of 36, and it happens that our sample missed the two semesters when the greatest number of students complained to Professor Smith.
APA makes use of additional summary statistics to reduce sampling's vulnerability to variance. The APA process begins by using the relational selection predicate of the query to divide the data space into 2 n quadrants, where n is the number of clauses in the predicate. APA then associates a probability density function with each quadrants, and uses the additional summary information that is available to create a set of constraints on the means of these distributions. A Maximum Likelihood Estimation (MLE) is then used to adjust the means in order to correct violations of the constraints. Depending on the dimensionality of the summary information used, different variations of APA are possible. For example, APA0 makes use of zero-dimensional facts about the data, or assertions of the form (SUM (COMPLAINTS)) = 148. APA1 makes use of onedimensional facts about the data, or assertions of the form (SUM (COMPLAINTS)) WHERE (SEMESTER = 'Fa02') = 5, which have one clause in their relational selection predicate.
APA+
The fundamental weakness of APA is a lack of a formal analysis of the accuracy of the approach, which in turn precludes analytically-derived confidence bounds on APA estimates. Such an analysis is difficult for several reasons:
1. First, it can be difficult in general to reason about the accuracy of maximum likelihood estimators. While MLEs are usually Minimum Variance Unbiased Estimators (MVUEs) and are typically normally distributed [15] , this only provides a lower bound on the variance of the MLE using the Carmer-Rao inequality; it does not say whether or not the MLE actually achieves this lower bound. 2. Second, things are even more difficult in the case of APA, which uses a constrained MLE where the space of possible solutions is restricted by the available summary statistics. It is far from clear how to formally reason about the effect of this on the accuracy of the approach. 3. Finally, the various estimators that are combined in APA are correlated, and this correlation is ignored by APA. If one sample falls in the quadrant associated with Professor Smith, than it cannot fall in the quadrant holding tuples not associated with Professor Smith. Considering this correlation is absolutely necessary in order to develop confidence bounds for APA, and yet it makes the analysis even more difficult. In this paper, we provide a simple alternative to APA, called APA+. APA+ is similar to APA, except that it does not rely on MLE and is far more amenable to a rigorous statistical analysis of its accuracy.
At the highest level, just like APA, APA+ also makes use of additional summary statistics, but in a fundamentally different way. APA+ relies on the idea of a negative estimator to make use of summary statistics. In APA+, the original, straightforward estimate of 72 is called a positive estimator, in that it is derived by directly considering the tuples that match our relational selection predicate. However, it is also possible to produce a negative estimator by first estimating the number of complaints not attributed to professor Smith (which is 2 × (2 + 1 + 0 + 3 + 4) = 20), and subtracting this quantity from 148, which is the total number of complaints. Thus, 148 -20 = 128 is our negative estimator for the number of complaints attributed to Professor Smith.
If we denote the positive and negative estimator bytp and t p respectively, thent
is itself an unbiased estimator of the number of complaints for Professor Smith for any value of α where 0 ≤ α ≤ 1. By choosing α so as to minimize the variance oft, it is possible to develop an extremely accurate estimator.
This alternative method for incorporating summary statistics into our estimate has several obvious advantages:
1. Intuitively, the accuracy of APA+ should be very good, just like for APA. The reason is that the ensemble approach leverages more information into the estimation. By using the information from the negative domain, we can reduce the variance of our estimation. Considering that our ensemble estimator is unbiased for the answer of the query, the error associated with it must be small, leading to very accurate estimates.
2. Unlike APA, APA+ relies on simple arithmetic in order to make use of summary information, and is thus very amenable to statistical analysis, including the derivation of confidence bounds.
3. Just like for APA, it is possible to extend APA+ to work with more complicated summary information involving specific subsets of the data and more complicated queries. In the general case, APA+ makes use of many negative estimators, all of which are combined to form a single, unbiased estimator for the answer to the query.
An additional advantage of APA+ is its capability to deal with both categorical and numerical attributes in WHERE clause. In our technical report [14] , we have shown how APA+ can be extended to handle numerical attributes.
Similar to the different versions of APA, i.e., APA0, APA1, etc., we also have different versions of APA+, which are referred to as APA0+, APA1+, and so on. The version that uses i-dimensional aggregates is referred to as APAi+. In the remainder of the paper, we formally describe APA+ and the derivation of its associated confidence bounds with a focus on categorical attributes in the WHERE clause. In the next section, we first study APA0+.
NEGATIVE ESTIMATORS AND APA0+
To facilitate our discussion, we first introduce some definitions.
Let N be the total size of dataset, and T be the zerodimensional fact that describes the total value of the attribute that is to be aggregated over all tuples in the database (in our example, T is SUM (COMPLAINTS) = 148). Let S denote a sample of size n, extracted from the complete data set using sampling without replacement [24] .
Given a WHERE clause (or relational selection predicate) p, the domain of p (denoted Dp) is the set of data points in the complete dataset which satisfy the clause. The domain sample is the set of samples from S that satisfy the predicate p. The size of the domain sample is denoted as n d . The ith unit in the domain sample is represented by yi. In our example, the selection clause WHERE PROF = 'Smith' specifies the domain sample {21, 7, 8}. The domain sample can be extended to the domain data space by assigning 0 to all the samples from S that do not satisfy the predicate. In our example, the domain data space is {0, 21, 0, 7, 8, 0, 0, 0}. We will use ui to represent the i-th unit in the domain data space, and u to represent the mean of the domain data space, computed as ( P n 1 ui)/n. Given these definitions, lettp be the naive estimator for the value of a SUM query over Dp. This can be formally expressed ast
Note that in this paper, we also call this estimator a positive estimator, since its estimate is only based on the samples satisfying the predicate p. Also,tp is unbiased:
The estimation oftp is unbiased, i.e. the expectation of this estimator equals to the true value, E(tp) = tp [24] .
Furthermore, we also know that the variance of V (tp) can be estimated as:
where,
2 is the sample variance in the domain data space [24] .
In our example,tp estimates the number of Prof. Smith's complaints to be 2 × (21 + 7 + 8) = 72. However, the correct number of Prof. Smith's complaints is 121. Clearly, the naive estimator significantly under-estimates the target variable. For this example, the standard error (SE), which is the square root of the variance, (SE(tp)= q b V (tp) ), is 68.2. In practice, such large relative standard errors can be common.
In the following subsections, we will describe how to utilize the zero-dimensional fact T to improve the naive estimator of the total of the domain Dp. Section 4 will show how these results can be generalized to make use of facts that provide more detailed information.
The Negative Estimator
Let p be the negation of the clause p. Thus, p specifies those tuples from the data set that are not in the domain Dp. Clearly,tp is also an unbiased estimator for tp, the total of the domain Dp. In our running example, the negation of the original clause produces the following query:
Just astp is a naive estimator for the number of complaints received by Professor Smith,t p is a naive estimator for the total number of complaints for all the professors except Smith:tp = 16/8 × (2 + 1 + 0 + 3 + 4) = 20.
A simple but important fact connects tp, the total of the domain Dp, and tp, the total of the domain Dp:
Given this, we introduce a new estimator based on the negative clause: Definition 1. The negative estimator of the domain total tp ist p = T −tp.
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Just as the positive estimator is unbiased, so is the negative estimator:
Lemma 2. The negative estimatort p is an unbiased estimator for tp, the total of domain Dp, and its variance is the same as the variance oft p , i.e. V (t p ) = V (t p ).
Proof:Please see our technical report [14] . 2 Also, directly from the above discussion, the variance of the negative estimator can be estimated as:
Applying this new estimator to our example, the negative estimate for the number of complaints for Professor Smith is 148 − 20 = 128, significantly reducing the standard error to 13.4. The improved accuracy can be attributed to the fact that the sample variance of the domain sample for the negative predicate is much smaller than the one for the original predicate in this example.
An Optimized Unbiased Estimator
So far, we have introduced two unbiased estimators,tp and t p for the total of domain Dp. In this subsection, we study how to combine these two estimators together to have an optimized unbiased estimator whose variance is lower than the variance of either of the existing estimators.
Let the new estimator be the linear combination of two existing estimators,tp andt p :
where, 0 ≤ α ≤ 1. By the linearity of expectation, this new estimator is clearly unbiased as well:
Lemma 3. The new estimatortAP A0 is an unbiased estimator for the domain total tp. Now the question is how to find an optimized α to minimize the variance oftAP A0. For simplicity, in this section we will assume the positive estimator and negative estimator are independent. In this case, Lemma 4 states the existence of an optimal unbiased estimator. Note that the two estimators are actually correlated. In Section 5, we will discuss how to incorporate this correlation into our estimation approach.
is an unbiased estimator of the domain total tp, and minimizes the variance oftAP A0.
Proof:Please see our technical report [14] . 2
We call above estimator the optimal estimator. Since the variances oftp andtp are usually unknown, it is not possible to compute α exactly; rather, the natural estimatorα =
is used.
Applying this new estimator to our running example, the optimizedα is 0.0373, and the estimated total is 125.95, with a reduced standard error 13.1.
Constructing a Confidence Interval
The standard method for describing the accuracy of an estimate is to associate a confidence interval with the estimate. For example, to associate a 95% confidence interval with our estimate, we choose a range of values so that with probability 95%, the true answer to the query will fall within this range. In practice, in order to provide a tight confidence interval the distribution of the estimator must be known.
As a result of the central limit theorem (CLT), the distribution of the positive estimatortp is approximately normal (Gaussian) with mean tp and variance b V (tp) for large n [19] . Thus, a large-sample 100(1 − α)% confidence interval (CI) for the domain total tp is:
where z α/2 is the (1 − α/2) th percentile of the standard normal distribution. The size (or width) of confidence interval is 2 × z α/2 SE(tp). For example, for a 95% CI, α is 5% and z2.5 is 1.96. Therefore, an approximate 95% CI for the estimatortp is given by:
The following Lemma establishes an important property of of the distributions of the negative and optimal estimators.
Lemma 5. If the distribution of the naive estimator on the negative domain is normal with mean tp, then the distribution of the negative estimatort p is normal with mean tp and variance V (tp). Furthermore, if the distribution of the naive estimator on the positive domain is also normal with mean tp, the distribution of the optimal estimatort opt AP A0 is normal with mean tp and variance V (t opt AP A0 ). As a result, the confidence intervals fortp andt opt AP A0 can be derived as described above.
GENERALIZATION
In practice, it is easy to compute and store more complicated pre-aggregated results than those used in APA0+. This information can be used to achieve much greater estimation accuracy. In this Section, we will study how to build optimal estimators when more complicated pre-aggregation results are available. We refer to a fact with i predicates in its relational selection clause as an i-dimensional fact, and we refer to the version of APA+ that makes use of idimensional facts as APAi+. We begin this section with a few definitions, specifically, we define the idea of a negative clause with respect to more complicated pre-aggregation results.
We assume a relational selection clause p that can be expressed as a conjunction of m boolean predicates, b1, · · · , bm. For example, consider the following query [13] :
In this case, we have b1 = (SEX = 'M'), b2 = (DEPARTMENT = 'ACCOUNT'), b3 = (JOB_TYPE = 'SUPERVISOR'). We will also consider the negation of each of these predicates: b1, b2, b3.
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Figure 1: Spatial representation of query predicates
Note that if we take all possible meaningful combinations of these predicates, the entire dataset can be partitioned into 2 m non-overlapping domains, specified by 2 m clauses. We call such clauses domain clauses. In our example query, the
Note that each of these clauses corresponds to a single cell in the multidimensional data cube defined by b1, b2, and b3 (see Figure 1 ) [13] .
Any conjunction over a subset of {b1, b2, · · · , bm} can be expressed as a disjunction of the various domain clauses. Let the conjunctive clause bj 1 ∧ · · · ∧ bj i be denoted by pj 1 ,··· ,j i . For APAi+, the fact involving such a conjunctive clause with i predicates is referred to as an i-dimensional fact, and is assumed to be available. This fact is an aggregate over the domain specified by this clause. In order to utilize idimensional facts, we introduce the following definitions.
Definition 2. The set of 2 m−i domain clauses whose disjunction is equivalent to pj 1 ,··· ,j i is called the set of domain clauses with respect to pj1,··· ,ji.
In our example, the domain clauses with respect to the conjunctive clause p1 = b1 (equivalent to SEX = MALE) are b1 ∧ b2 ∧ b3, b1 ∧ b2 ∧ b3, b1 ∧ b2 ∧ b3, b1 ∧ b2 ∧ b3; the domain clauses with respect to the conjunctive clause p2,3 = b2 ∧ b3 are b1 ∧ b2 ∧ b3 and b1 ∧ b2 ∧ b3.
This definition is important, because it will allow us to define a negative clause that will be used to form the negative estimators in higher-order versions of APA+:
Definition 3. The set of domain clauses with respect to pj1,··· ,ji except the predicate p is called the set of negative clauses with respect to pj 1 ,··· ,j i , or p w.r.t. pj 1 ,··· ,j i for short.
In our example, p w.r.t. p1 is (b1 ∧ b2 ∧ b3) ∨ (b1 ∧ b2 ∧ b3) ∨ (b1 ∧ b2 ∧ b3), and p w.r.t. p2,3 is b1 ∧ b2 ∧ b3.
Finally, we use tj 1 ,··· ,j i to denote the sum of the target attribute over the domain specified by pj 1 ,··· ,j i , and use t p j 1 ,··· ,j i to denote the total of the domain defined by p w.r.t. pj 1 ,··· ,j i . For example, t b 1 ∧b 2 ∧b 3 refers to the sum of the target attribute over the domain specified by the domain clause b1 ∧ b2 ∧ b3, and tp refers to the answer to our query. Note that tj 1 ,··· ,j i is an i-dimensional fact.
The next four Subsections describe how to extend the techniques of Section 3 to develop APA1+. A generalization to APAi+ for arbitrary values of i is given in Section 4.5.
Negative Estimators in APA1+
Just like APA0+, APA1+ relies on the idea of a negative estimator. However, unlike APA0+, APA1+ will make use of many negative estimators. In APA1+, we assume that we have access to all one-dimensional facts over the data set.
In
Definition 4.tp i = ti −t p i is the APA1+ negative estimator for tp where p = b1 ∧ b2 · · · bm, and p i is the disjunction of all negative clauses with respect to the clause bi, 1 ≤ i ≤ m.
Thus, there are a total of m negative estimators available in APA1+. Based on the same argument as in Lemma 2, we have the following lemma:
Lemma 6. Each APA1+ negative estimatortp i is an unbiased estimator for tp, the sum of the target attribute over Dp. The variance oftp i is the same as the variance oftp i , i.e. V (tp i ) = V (tp i ).
Combining Positive and Negative Estimators in APA1+
Just as in APA0+, the positive estimator and the negative estimators in APA1+ can be combined together to produce a new estimator with smaller variance.
The basic approach is similar to the method described in Subsection 3.2. We first introduce a new family of estimators based on the linear combination of the existing estimators. Formally, for a selection clause p = b1 ∧ b2 · · · bm, the new estimators are of the form:
wheretp is the positive estimator,tp i is the negative estimator for i > 0, and α0 + α1 + · · · + αm = 1. Clearly,tAP A1 is unbiased as well:
Lemma 7. The new estimatortAP A1 is an unbiased estimator for the domain total tp.
Minimizing the Variance oftAPA1
Because several negative estimators can contain the estimate associated with each cell in the cube illustrated in Figure 1 , they will be strongly correlated. In order to derive the appropriate parameters to minimize the variance of tAP A1, we first decompose each negative estimator based on Proceedings of the 22nd International Conference on Data Engineering (ICDE'06) the negative clause so that we can manage this correlation. For example, in our running example, the negative estimator tp 1 can be decomposed as:
By decomposing each APA1+ negative estimator in this fashion, we can group like terms in order to reduce the pairwise correlation. The process is demonstrated in the following steps over the APA1+ estimator for our example query:
In this way, the APA1+ estimator is transformed into the linear combination of estimators for the totals on a set of non-overlapping domains. Since the domains are nonoverlapping, for the moment we will assume that all of the estimators used intAP A1 are pair-wise independent. In reality, the estimators of the non-overlapping domain totals are correlated, and we will study correlation in Section 5. Using the pair-wise independence assumption, we can derive the variance for the new estimator: . If the parameters (αi) are invalid, i.e., they are negative, we can apply quadratic programming [13] to find the minimal variance. We refer to the estimator with the minimal variance as the optimal estimator, and denote it aŝ t opt AP A1 .
APA1+ Confidence Intervals
As discussed before, in order to provide a confidence interval, we have to know the distribution of the estimator.
Using the same argument as in Lemma 5, we have the following important property of optimal estimatort is normal if the distributions of each positive estimator for the total of each non-overlapped domain (the domain total specified by each conjunctive clause) are normal.
Thus, just as in APA0+, for sufficiently large n each positive estimator of the domain total is approximately normal. Therefore, the distribution of the new optimal estimator is also approximately normal, with variance b V (t opt AP A1 ). The confidence interval of the new estimators can be derived the same as the positive estimator, i.e. a 100(1 − α)% confidence interval (CI) for the domain total tp is:
where z α/2 is the (1 − α/2) th percentile of the standard normal distribution.
Generalizing the Method
The methods developed in this Section can be generalized to utilize higher-dimensional facts. For example, we can define APA2+ to be the version of APA+ that makes use of facts having two clauses in their relational selection predicate: SUM (SALARY) WHERE (SEX = 'M' AND DEPARTMENT = 'ACCOUNT') = $2.1M. For APA2+ we have: tAP A2 = α0tp + α12tp 12 + α13tp 13 + α23tp 23 where α0 + α12 + α23 + α13 = 1 and 0 ≤ α12, α13, α23 ≤ 1. In a manner similar to APA1+, the optimal estimator for APA2+ is:
with each α chosen so as to minimize the variance. It is also possible to extend the method to develop a hierarchical version of APA where we make use of APA0+, APA1+, and perhaps higher-order pre-aggregation together. For example, to use APA0+, APA1+, and APA2+ together we make use of the following linear combination:
wheretp is the positive estimator of the domain total tp;t p is the negative estimator using APA0;tp 1 ,tp 2 , andtp 3 are the negative estimators of APA1+; andtp 12 ,tp 13 , andtp 23 are the negative estimators for APA2. As in APA0+ and APA1+, we have the constraint that α + α0 + α1 + α2 + α3 + α12 + α13 + α23 = 1,
DEALING WITH CORRELATION
In Sections 3 and 4, we assumed the estimators on each individual domain are pair-wise independent. However, the correlation does exist among these estimators. In this Section, we will first derive the closed formula of the correlation (covariance) among them (Subsection 5.1). Then we study how to incorporate the correlation factor into our estimators to improve their accuracy (Subsection 5.2).
Correlations among Estimators
In this Subsection, we first study the correlation for the estimators of the domain totals specified by a clause and its negation. This corresponds to the situation in APA0+, where the combined estimator is based on a pair of these clauses. Then we will study the general case, where we compute the correlation between two estimators on the nonoverlapped domain totals. This corresponds to the situation where higher-order pre-aggregation information is used by the APA+ methodology.
We capture the correlation by computing the covariance. The covariance (Cov) between two estimators t1 and t2 is defined as follows [3] :
We begin by considering the case of APA0+, where we have a domain clause and its negation. Lettp andtp be the estimators of the totals for the domains specified by a selection clause p and its negative clause p; tp and tp are the true totals of these domains, respectively. Lemma 9 states the covariance of these two estimators:
Lemma 9. The covariance between the two estimators,tp andt p , is:
Proof: Please see our technical report [14] . 2 Since N is typically very large, the covariance can be approximated as:
Cov(tp,tp) ≈ − tptp n Note that the covariance depends on the totals of the domain of p, and its negative p, which are estimation targets. We will use the naive estimator to replace them, and therefore, we have:
In the general case, we have two estimatorstp 1 andtp 2 which are estimators of the totals for the domains specified by two clauses p1 and p2 where p1 and p2 are nonoverlapping. Let tp 1 and tp 2 be the true sum of the target attribute over these domains, respectively. Lemma 10 shows that the covariance of these two estimators is actually the same as the case in which they are negations of one another, i.e. p2 = p1.
Lemma 10. The covariance between the two estimators, tp 1 andtp 2 , is:
Proof: Please see our technical report [14] . 2 Using the same techniques as we did in case of APA0+, we can approximate the covariance as follows:
Using the Covariance
In this subsection, we study how to improve the new estimators developed in Section 3 and Section 4 after considering the correlation among each individual estimator. Note we will only discuss the variance of these new estimators since the expectation of these estimators is not affected by correlation.
APA0+:
For the estimatortAP A0 = αtp + (1 − α)t p , 0 ≤ α ≤ 1, considering the correlation betweentp andt p , we have
To minimize the variance, we can use the standard mathematical methods, i.e. looking at the first and second order derivatives with respect to α, to find the desired parameter.
APAi+:
Recall that in Section 4, we assumed the estimators on the domain clauses are pair-wise independent. As we showed in Subsection 5.1, they are in fact correlated. The covariance between any two estimators on the nonoverlapped domains,tp 1 andtp 2 , can be approximated as
n . Given this, we can incorporate the correlation factor into our new estimators as follows. Consider the new estimator based on APA2+ as given in Subsection 4.5. The variance of the new estimator taking correlation into account is as follows:
Given this formula, an approach similar to the one given in Section 4 can be used to find the desired parameters to minimize the variance.
One issue that still needs to be explored is the effect of the covariance on the distribution of the various APA+ estimators. So far, we have relied on the CLT as justification of the normality of the APA+ estimators. However, after incorporating the correlation factor, the distribution of the combined estimator may not necessarily be normal, even if the CLT holds for each of the component estimators. It turns out that such distributions are very close to the class of spherically symmetric distributions [16] , of which normal distribution is a special case. The analytical formula of the distribution of combined estimator is available in a technical report [14] . Though the exact confidence interval for such distributions is still hard to derive, our analysis and experimental evaluation of the empirical distribution [14] give strong evidence that normal distributions can serve as a good approximation for such distributions. Therefore, in the experimental results presented in Section 6, we simply utilize normal distributions to derive confidence intervals. Our experimental results validate this approach.
EXPERIMENTAL RESULTS
This section presents an experimental benchmark of the methods proposed in the paper. Traditionally, benchmarks of approximate query processing techniques have focused on testing the absolute or relative error of the estimates provided by an approximation methodology. While we are guilty of publishing a few benchmarks of this type ourselves [13] , we assert that this style of benchmarking can be of limited practical value. In practice, any useful approximation methodology must be able to differentiate among the cases when the estimation accuracy is likely to be good and when the accuracy is likely to be poor. In other words, an accurate estimate is of little use unless the methodology can recognize that the estimate is very accurate and the user can Proceedings of the 22nd International Conference on Data Engineering (ICDE'06) be notified accordingly.
As a result, this section focuses on studying the ability of APA+ to provide accurate estimates, and to recognize when those estimates are accurate. This is done by studying the confidence bounds provided by APA+. Specifically, our study focuses on two important questions:
1. How accurate are the confidence bounds provided by APA+? In other words, if APA+ guarantees a certain accuracy on an estimate, what are the real chances that the estimate meets those accuracy guarantees? 2. How tight are the bounds of our confidence intervals, as compared to traditional methods that could be used as an alternative to APA+? In other words, how much accuracy is APA+ able to guarantee, compared to the obvious alternatives?
Approximation Techniques Tested
In our experiments, we compare APA+ with two samplingbased alternatives. We concentrate on sampling for several reasons. Samples are widely used in the data management literature, and there is an extensive statistical literature relevant to associating confidence bounds with samples [24, 19] . Furthermore, sampling is arguably the most widely applicable approximation technique. Unlike other methods such as wavelets [26, 7, 8] , samples are unaffected by data dimensionality, and work equally well with categorical and numerical data. Thus, the following approximation techniques were used in our comparison:
Simple Random Sampling: The sample is extracted from the original data set using the sampling without replacement method. The estimator is the naive unbiased estimator, and confidence bounds are derived using the central limit theorem (CLT). Stratified Sampling: Stratification is a standard statistical technique that can be used to boost samplingbased estimation accuracy, and has previously been applied to problems in data management [4] . Stratified sampling works by partitioning the data set into a set of non-overlapping strata. In order to increase estimation accuracy, partitions can be chosen so as to minimize subsequent estimation variance. In our experiments, we use a uniform allocation of samples to strata. Experiments were conducted with 2 different sizes for each strata: 10 samples per strata and 100 samples per strata (in general, for a fixed number of total samples, using more strata and fewer samples per strata tends to increase estimation accuracy). Given a uniform allocation, the partitions are chosen so as to minimize the variance of the estimate of an aggregate query over the entire data space. APA0+: We also implemented and tested APA0+, as described in this paper. APA0+ uses zero-dimensional facts to produce confidence bounds for each query. Recall that zero-dimensional facts are facts of the form SUM(COMPLAINTS) = 123. The additional memory cost of this method is minimal compared to simple random sampling; e.g. in the datasets that we tested with it was only a few bytes. APA0+ takes into account the covariance of its various sub-estimators while performing the estimation, as described in Sections 3 and 5.
APA1+:
In this method, one-dimensional facts are used. Each one-dimensional fact has exactly one clause in the WHERE predicate associated with the fact. For example, a one-dimensional fact is SUM(SALARY) WHERE (SEX='F') = $1.9M. The additional memory requirements of APA1+ compared to simple random sampling are still small, in practice only on the order of a few kilobytes. Just like the APA0+, APA1+ accounts for the covariance that possibly exists between the estimator's sub-cubes (Figure 4 ).
Experimental Setup
The four datasets used in our benchmark are derived from four real high dimensional data sets, previously used in [13] . The four data sets are: Forest Cover data (from the UCI KDD archive), River Flow data, William Shakespeare data (word proximity information), and Image Feature Vector data. The transformation of these datasets for our experiments were previously described in [13] .
Some basic features of our experimental data sets are as follows. The first data set has 8 categorical attributes, and the last three have 30 categorical attributes each. These attributes are the ones that we use for selection. Each of the categorical attributes has five different categories. Each dataset also has 2 numerical attributes which are designated as our measure attributes. Selection attributes only appear in the relational selection predicates (WHERE clauses), whereas measure attributes appear in the aggregation functions of the SELECT clauses. Each SELECT clause is of the form SELECT SUM(ATT). We create a total of 2000 queries for each data set, 1000 for each measure attribute. The WHERE clause in each predicate is a conjunction of boolean equality predicates on various categorical values. The number of predicates in each such conjunction varies from one to eight and are generated to vary the expected selectivity as shown in Table 2 . The sampling rate used for our experiments was fixed at 10%.
Confidence Interval Accuracy
This subsection reports the results of a set of experiments designed to test the accuracy of the guarantees provided by each method. For each method and each query, a confidence interval is computed using a 95% user-specified confidence level. This confidence interval is considered to be correct if the exact answer to the query falls within the bounds of the interval bounds. Since a user-specified confidence level of 95% is used, if each method works exactly as is theoretically expected, we should find that 95% of the confidence intervals were correct. The actual percentage of correct intervals for each of the data sets and approximation methodologies is reported in Table 3 . Discussion
The specified confidence for all of these methods was 95%, but it is clear from the results that only APA1+ comes close to achieving this confidence level experimentally. The confidence level achieved by APA1+ averaged 89.27% over all tests, which was 23.2% higher than simple random sampling (the next best alternative in terms of accuracy). The dif- ference between APA1+ and the stratified-sampling-based techniques is even greater. Not only did APA1+ achieve the highest experimental confidence level, but it also comes very close to achieving the theoretically-expected 95% confidence based on the parameter settings (90+% confidence was observed for 5 out of 8 cases tested). A few other points worth mentioning are:
• One possible explanation for the poor accuracy of the non-APA+ estimates is that the CLT-based intervals used turned out to be overly aggressive. The CLT is a limiting theorem, which is only guaranteed to hold given an infinite number of samples from a distribution. In practice, the CLT often holds after only a few dozen samples. However, under adverse circumstances (particularly with very skewed or bi-modal distributions) many more samples can be required. Given that several of our data sets were rather poorly-behaved (particularly the Image Feature Vector data set), this may be a cause of the problems that are evident in Table 3 . One possible solution would be to use lessaggressive bounds (such as Chebychev or Hoeffding bounds). However, while this would improve the accuracy of the bounds, it will also increase the width of the associated confidence intervals, which already do not compare favorably with APA1+ (see Section 6.4).
• A factor that seems to cause problems with all five alternatives is that the variance used in computing the accuracy of any sampling-based estimate is always itself an estimate, that may or may not be accurate. This is a difficult problem without an easy solution, and is always present in practical statistical inference. The fact that stratified sampling demonstrates a confidence level that is lower than that of simple random sampling (with an average drop off of 5.93% over all data sets) seems to support this fact. Since the size of each strata is small, the variance estimate for each strata is likely to be more inaccurate than for simple random sampling, which effectively uses only a single strata. However, APA1+ seems to be least-affected by this problem.
• Finally, it is interesting to note that APA1+ performed by far the best, and APA0+ was on par with (or slightly worse than) stratified sampling in terms of the accuracy of the confidence level given. The key reason is that APA0+ uses only one negative estimator, as compared to APA1+, which uses 2 m − 2. While one negative estimator can prove to be inaccurate, the degree of inaccuracy of multiple (APA1+) negative estimators would be far less. Therefore, we see an im-
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Confidence Interval Width
Not only should the confidence bounds provided by an estimation methodology be accurate, they should also be tight, in the sense that the actual answer to the query should be constrained to fall in a very small interval. In this subsection we analyze tightness of confidence interval bounds produced by various methods. We perform pair-wise comparisons between APA0+ and APA1+ and each of the other three estimators, in order to determine which one produces smallest confidence intervals. For both APA0+ and APA1+, we compute the median change in confidence interval width that would have been obtained had another estimator been used instead. Specifically, we compute the percentage change for those queries that both estimators being compared answered correctly (that is, both estimators produced a correct confidence interval). The reason we focus on cases where both estimators were correct is that we do not want to reward an estimator for producing a very tight bound on an incorrect estimate. Table 4 illustrates the median change in width of the confidence intervals produced by each of the three traditional methods compared to APA0+. For example, if, for a given query, both estimators produce correct confidence intervals with the size of APA0+ interval denoted by CI0 and size of the other method's confidence interval denoted by CI, then the change (decrease) in confidence interval width for that pair would be (CI − CI0)/CI.
Similarly, next table illustrates the shows median change in width of the confidence intervals produced by each of the three traditional methods compared to APA1+. Discussion For the data sets tested, APA0+ always produces tighter confidence intervals than simple random sampling. Across
Proceedings of the 22nd International Conference on Data Engineering (ICDE'06) all data sets, APA0+ produced confidence intervals that were 14.81% smaller than for simple random sampling. The average improvement with APA1+ is even better. APA1+ provides confidence intervals that are on average 51% smaller than for simple random sampling, which means that when both estimators are predicting correctly, APA1+ will produce a confidence interval 1/2 the size of that produced by random sampling. APA1+ is also clearly better than stratified sampling. The intervals provided by APA1+ were averagingly 31.63% smaller than using 100 samples per strata, which translates into APA1+ intervals being about 2/3 the size of those produced by this particular stratified sampling approach. Comparing APA1+ to stratified sampling approach using 10 samples per strata, the average of the median decrease (across data sets) is 18.89%, which translates into APA1+ intervals being about 4/5 the size of their counterparts produced by stratified sampling. Furthermore, as demonstrated in the previous subsection, the APA1+ intervals are also far more accurate than the intervals produced using stratification.
The curves in both the figures are the normal distributions (in the histogram scale) with mean and variance derived from APA0+ and APA1+ estimators, respectively. In other words, the point in the curve is the number of observations that would appear in a bucket-size area for the corresponding normal distributions. These plots show that our estimators have a strong tendency towards the normal distributions.
CONCLUSIONS AND FUTURE WORK
The sampling-based estimators described in this paper are very useful in a database environment when it is possible to collect summary information in addition to the sample. The estimators have the advantage of being unaffected by data dimensionality, and are suitable for use with categorical and numerical data. Furthermore, since the information used by the estimators can be collected in a single pass over a data set, the estimators are suitable for use in a streaming environment.
One important issue that we have not considered in this paper is use of the estimators for queries other than SUM and COUNT queries. In particular, extending our methods to work with AVERAGE queries is an important problem for future work. AVERAGE queries can be treated as a ratio of a SUM and a COUNT query, but since the two estimators will be correlated if they are the result of the same sample, it becomes necessary to use relatively pessimistic confidence bounds in the absence of a rigorous study of the correlation of the two estimators.
